Automatic Control of Fluud Flow

This paper illustrates the use of analytical methods for the design of a flow-control
system. Linearized equations are derived and a complete analysis is made of the control
of the system. The effect of controller modes and process time constants is investigated.
The calculations show that there is an optimum value of the process time constant for

optimum response.

DERIVATION OF EQUATIONS

In the chemical industries the auto-
matic control of fluid flow is encountered
perhaps more often than the control of
any other single variable. The successful
control of fluid flow is not simple, pri-
marily because of the small time con-
stants involved in the flow process. This
paper will analyze flow control in detail
and will point out some of the factors
where difficulty may be encountered.

The System

The most commonly used method of
controlling flow is to insert a flow meter
and control valve into the flow line. The
signal from the flow meter actuates a
controller, which in turn operates the
control valve.

The analysis of the system requires
the derivation of the dynamic equations
for each part of the system. The equations
which truly represent the flow process are
nonlinear. Owing to the difficulty of
solving nonlinear equations without a
computer, only linearized equations will
be used in this paper. This procedure
is justified because the analysis is sim-
plified and the methods of analysis for
linear equations can be applied. Further-
more much valuable information can be
obtained from linear equations, and in
many instances the responses calculated
will check the experimental results if
the disturbance is not too large.

An important feature of the analytical
procedure to be presented is that an
aver-all view of the system operation
is obtained, allowing the determination
of the effect of each of the system param-
eters upon both the transient and
frequency responses.

The Process

The process under consideration is
the pipeline and control valve. For any
given system two variables, the pressure
drop and the valve opening, determine
the rate of flow of the fluid. The exact
equation describing the flow is rather
complicated. Many system properties
such as pipe length and volume, com-
pressor or pump characteristics, and
flow characteristics and fluid inertia
have a part in fixing the time constants
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of the process. The time constants of
the process and the other parts of the
system determine the types of responses
the system will have. The limiting case
occurs when the response to change in
pressure drop or valve opening is in-
stantaneous. The process time constant
is then 0. In the first part of this paper
the system will be considered to have a
zero time constant, and then the effect
of a finite process time constant will be
investigated.

A linear process with a 0 time constant
will have a transfer function

G, = K, ey

The same process with a simple resist-
ance and capacitance will have a transfer
function

g, =

T34 1 2

The Controller

Usually in the design of a control
system all parts of the system are fixed
except for the controller modes and the
controller parameters. The equations for
the ideal controller modes are easily
written. There is another important
characteristic of controllers which must
be considered and that is the time lag
in the controller mechanism. In most
control systems time lags other than the
process time lag may be neglected. How-
ever in flow control, with small process
time lags, the lags in the other parts of
the system become significant. Unfortu-
nately there is little published informa-
tion on the dynamic characteristics ot
industrial controllers. Information of
this type would be very helpful to con-
trol engineers. A time constant of 1 sec.
will be assumed. The controller transfer
functions then are proportional control

Fig. 1. Block diagram showing specific
transfer functions.
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— Kc(s + 1/77") — Kc(s + Z) (4)
s(s + 1) s(s + 1)

and proportional plus integral plus rate
control (three mode)

o — K1 4+ 1/(Ts) + T.s]
o s4-1
KIS + Ts+ 1)
- Tis(s + 1)

_KT.(s + 20)(s + 2,)
- s(s + 1) ®

The Transmitter

The transmitter is the mechanism
which converts the differential pressure
of the flowmeter to a pneumatic pressure
in the range of 3 to 15 lb./sq. in. There
is again little published information on
the dynamic response of transmitters.
The author has seen some information
that suggests that a reasonable time
constant is 3 see. The transfer function
of the transmitter then is

— Ktr
T 3s+1

The Pneumatic Tubing

G, (6)

In any pneumatic control system,
tubing is used to transmit signals from
the measuring means to the controller
and to the control valve. A study of the
several papers published on the dynamic
response of pneumatic tubing (1, 2, 3)
indicates that the response can be ac-
curately represented only by rather
complex equations. Furthermore, under
some conditions the frequency-response
curves are somewhat cyclic. The action
of a control system with tubing under
these conditions would be very peculiar.
In order to simplify the analysis, it will
be assumed that the tubing is of such
diameter and length that the response
is similar to that of a first-order system
over the range of frequencies to be used
and that the time constant is 0.2 sec.
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The transfer function then is

G — Klu _ 5Ktu
T 024+1 s+ 5

The Control Valve

(7)

Most control valves have a dynamic
action that can be represented by a
second-order equation; however the
second time constant is small and can
usually be neglected. A time constant
of 0.5 sec. will be assumed; then

. __K,
o, = 0.5s + 1

(8

Operating Conditions

The following numerical values have
been selected for the flow system to be
discussed:

ConTrOL PoINT: 40 gal./min.

Frowmerer: at a flow of 40 g./min.
Ah,, = 50 in. of water. The flow—pressure-
drop relationship is parabolie.

Process: time constant of 0. At control
point the pressure drop across the valve
i8 120 1b./sq. in.

ContrOL VALVE: at the control point
the valve is 5097 open, and the valve
top pressure is 9 lb./sq. in. The flow-
valve stem relationship is linear. The
time constant is 0.5 sec.

TrANSMITTER: at the control point the
output is 9 Ib./sq. in. The time constant
is 3 see.

TusiNg: the time constant is 0.2 sec.

CoNTROLLER: in addition to the normal
controller functions, the controller has a
time constant of 1 sec.

System Transfer Functions
Controller
If @, is the controller mode, then
v, _ _G. 1b./sq. in.
¢ s+ 11b./sq. in.
Valve

Since the valve is 509, open when the
valve top pressure is 9 lb./sq. in. and the
valve is a linear valve,

(9)

K, = 0.5/6
_ 9 stem position/100
= 0.0833 CERDEL
o 451:
wi
3 3 = - ‘-0.33 [

-1.372

Fig. 2. Root-locus diagram with pro-~
portional control.
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and
G 00833 _ 0.167
T O0hs+ 1 s+2
% stem position/100
Ib./sq. in. (10)
Transmitter

The output of the transmitter is 9
1b./sq. in. when the input is 50 in. of
water. Then

K., = 6/50 = 0.12 /34 1.
m. water

and
G - 012 _ 004
T 34+ 1 s+ 0.333

1b./sq. in.

mn. water (tn
Tubing

The time constant is 0.2 sec., and there
is no change of units; therefore

15
T02+1 s+5

Ib./sq. in.
Ib./sq. in.

Process, valve stem position

Gtu

12)

The flow of 40 gal./min. occurs when
the valve is 509, open and the valve is
linear; then

K, = 40/0.5 = 80

gal./min.

then
e Q
Gr = K, = dAp
_ - gal./min.
= 0.167 ————Ap (14)

Another conversion factor needed is
one to change units from flow in gallons
per minute to differential in inches of
water. The relationship is parabloic so
that ¢ = 5.66 when @ = 40 and Ah,, = 50.
Then

aQ
d Ah,,

gal./min.
" in. water

(15)

Likewise the control-point index indi-
cates gallons per minute, but the signal
to the controller is pounds per square
inch; therefore the conversion factor at
the control point is

Ib./sq. in.

K=012X25=0.3 -
gal./min.

(16)

The block diagram for the system
with all the transfer functions inserted
in the blocks is shown in Figure 1.

The System Equations

The open-loop equations for this
system are

6, _ 0.167 X 80G.
E s+ Dis+ 2

13.333G,

(7

"%, stem position /100 (13) s+ D+ 2
Process, pressure drop F_ 2'-55( 3.04 X ‘35
The flow—pressure-drop relationship is 6o (s + 0.333)(s + 5)
parabolic; therefore K,’ is the slope of 0.5 (18)
the flow curve at 40 gal./min., where =0 03336 £ 5
Q=cVA,andc = 40/4/120 = 3.66; { ) )
The closed-loop equations are
9 _ 0.30,/E _ 4G (s + 0.333)(s + 5)
0, 14+ (0./E)F/8,) (s + 0.333)(s + 1)(s + 2)(s + 5) + 6.67G,
‘gal./min.
gal./min. (19)
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00 GL,

0.167(s + 0.333)(s + D(s + 2)(s + 5)

L =14 (6,/E)F/8) ~ (s + 0.333)(s + (s + 2)(s + b) -+ 6.67C,

Equations (19) and (20) arc the linear
equations representing the dynamic ac-
tion of the flow control system. If non-
linear effects are to be investigated, the
proper equations must be derived and
the solutions obtained by an electronic
computer.

The procedure for the selection of the
modes of control and the controller
parameters will be found in the following
sections.

6o 4K (s + 0.333)(s + 5)

_gal./min

Ap (20)

The modes of control and the specific
controller parameters selected will deter-
mine the responses of the system to any
input. The simplest type of controller
is the proportional controller; therefore
it should be studied to determine its
effectivencss in controlling the given
flow process. The transfer function for
the proportional controller is given by
Equation (3). Equations (19) and (20)
then become

]

;54 0.333)(s + (s + 2)(s + 5) + 6.67K,
9, (s + 0.333)(s + 1)(s + 2)(s + 5)

(21)

L~ (54 0333)(s + 1)(s + 2)(s + 5) + 6.67K,

PROPORTIONAL CONTROL

The root-loci method (5, 6) will be
used to analyze the system. A method
estimating the effect of each of the system
parameters upon the responses (4) is
very helpful in the analysis. It will be
shown that a great deal of information
can be obtained about the system with
very little calculation.

In the previous section the dynamic
equations for the flow system were
derived. Equation (20) can be written
without the constant in the numerator,
making the ratio 6,/L dimensionless.
Inspection of the derivation shows that
a change in flow of 1 gal./min. is caused
by a change in Ap of 6 lb./sq. in. The
equation will be used in this form.

Y 0.6

471-0.333
4% l/T’-l
4
1/1'1-2
0.8
/1,410
3+

(22)

The root-locus diagram is a plot of the
roots (closed-loop poles) of the denomi-
nators of Equations (21) and (22) as a
function of K,. Figure 2 shows the root-
locus diagram for this system with pro-
portional control. The points marked
z are the poles of the product 6o/E X
F/8,. The arrows indicate the direction
of increasing K, as K, goes from 0 to .
The approximate curves can be drawn
without any calculation. (Rules for the
construction of root-loci diagrams are
given in references & and 6.) The curves
show that the system is overdamped;
that is the closed-loop poles are real and
negative as K, goes from 0 to some value
at which point 4 or B is reached. As
K. increases, the roots become complex
and the system is then underdamped.
As the closed-loop poles on the right

wi

1
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s
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e

®

Fig. 4. Effect of zeros at —1/7; on the root-loci curves.

Page 526

branch pass the point C, the system
becomes unstable. The exact location of
the curves can be caleulated, but that
is not necessary at this time. The one
value of interest is the value of K, at
the point C, which is found to be 4.52.

The final or steady state values of
8./8; and 6,/1 after a step change are
found from the final value theorem and
are

( O-L>;g
0'
4 >< 1; X 0.3331(0

TIX2X5X0.333 + 667K,
— 21{0__
T 1+ 2K,

(%)
IJ &8
_ 1 X2X5X0.333
T 1 X2X5X0.333 4+ 667K,

]

\23)

~ 1+ 2K, @4
When K, = 4.52
8\ 22X 452
(m),, Tl 2x 452 0.869 (25)
@) S S
<L LT T ¥ 2 x a5 = 009 (26)

These values indicate that if the control
point is changed, the steady state value
reached will be only 86.99 of the change,
or the error will be 13.19/. Likewise if
a change in L is made, the steady state
error will be 9.69, of the change.
Actually the system would not be
operated with K, = 4.52, since it would
be at the point of instability. A smaller
value of K, such as 2 would cause the
steady state errors to be even greater.
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Fig. 5. Effect of zeros at —1/T; on K, and « at the point
of intersection with the imaginary axis.
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Fig. 6. Transient responses after step inputs.

Whether or not these steady state
errors are too large depends upon the
process requirements. If one assumes that
the errors are too large, it is obvious that
proportional control is not satisfactory
and consequently other modes of control
must be used.

The value of the root-loci diagram can
be illustrated at this point. Figure 2
shows the individual time constants of
the system and their effect upon the
poles of the closed-loop functions. Any
closed-loop poles far to the left will have
little effect upon responses. These poles
produce terms of the form Ae~?¢ in the
transient response, where if p is large
the term becomes 0 in a very short time.
It is the poles close to the origin that
control the response. The poles close to
the origin in this system are present
because of the time constants of the con-
troller and transmitter. In other words,
the control action is limited not by the
process lag but by the slow action of the
transmitter and controller.

It is customary to choose the con-
jugate complex poles which control the
regsponse so that the damping coefficient
is in the neighborhood of 0.6 to 0.7.
This selection then fixes the values of
the closed-loop poles. The exact values
of these poles can be easily calculated
when necessary. The transient response
following a step input of 0,/6; is de-
termined almost entirely by the complex
poles and the zero at —0.333 [Equation
(21)}. The response will be that of a
normal second-order system modified by
the zero, which will tend to make the
response much more cyclic.

Vol. 5, No. 4

The frequency response is easily
approximated as shown in Figure 3.
The natural frequency can be obtained
by direct measurement from Figure 2.
Only the asymptotic lines are shown for
the first-order terms, since only an
approximation is desired. For the second-
order term the peak occurs at w, = 0.53
and has a value of 1.04; the curves pass
through the ordinate 0.707 when
w, = 1.15. Up to a frequency of about
04 radian/sec. the response is close to
1. As the frequency increases to about
0.8 radian/sec., the amplitude ratio

. YREQUENCY RADIANS PRR SECOND

Fig. 7. Frequency responses.

at —1 and —0.333 the frequency re-
sponse will be high over a wide range.
The ratio |6,/L| should approach 0
quickly in a well-controlled system.

From the approximate analysis made,
it is quite positive that proportional
control will not produce satisfactory
results for this system. Therefore the
use of other modes of control must be
investigated.

PROPORTIONAL PLUS INTEGRAL CONTROL

Since proportional control proved to
be unsatisfactory, the next step is to
investigate the effect of the combination
proportional plus integral control. It is
known that the addition of integral
control will cause the steady state error
to be 0, and it also may have some other
beneficial effects.

The controller transfer function is
given be Equation (4). The product of
the forward and feedback transfer func-
tions from Equations (17) and (18) is

A v r o 6.67K (s + 1/T)) o7
K 8 s(s + 0.333)(s + 1)(s 4 2)(s + 5) @7)
The closed-loop equations then are
8o _ 4K (s + 0.333)(s + 5)(s + 1/T) 98
6, ~ s+ 0333)s + DG + 26 + 5) + 6.67K.6 + 1/T) 28
G, s(s + 0.333)(s + D(s + 2)(s + 5) (29)

L~ s(s+ 0.333)(s + (s + 2)(s + 5) + 6.67K.(s + 1/T,)

increases to over 2, an undesirably high
value.

A similar analysis may be made of
Equation (22) for the ratio #./L. Equa-
tions (21) and (22) have the same poles,
but Equation (22) has two more zeros.
The zeros and poles far to the eft have
little effect upon the transient response.
The zeros at —1 and —0.333 will cause a
very cyclic response. The frequency
response can be approximated graphically
as shown above. Owing to the zeros

A.LCh.E. Journdl

The integral mode of control has added
the terms which contain the term 1/7,.
The quantity 1/7; may theoretically
have any value from 0 to o but is
actually limited by range built into the
controller. With 1/7; = 0 the control
is proportional only, and with 1/T; = o
the integral action is so fast that the
controller acts in the same manner as a
two-position controller. Therefore as the
zero at —1/7; moves away from the
origin, the speed of the integral action
is increasing.
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Fig. 8. Root-locus diagram with three-mode control;

z; = 0.333, z: = 0.8.

The approximate root-loci diagrams
for several values of 1/7T; are shown in
Figure 4 (the zeros at —1/7T; are not
shown). The numbers within the circles
are the values of K, at the point. Very
few caleulations are needed to sketch the
curves in the form shown (6). The effect
of changing the values of 1/T; upon
the closed-loop poles is at once obvious.
When these approximate values are
substituted into Equations (28) and (29),
one can make a reasonable estimate of
the responses.

Specifically as 1/7; increases, it is
seen that the branched part of the curve
contracts and the value of K., when the
loci curve intersects the imaginary axis,
decreases. This change indicates that
the system is becoming less stable and
becomes unstable at smaller values of
K,.. Figure 5 shows the effects more
clearly where K, and » drop rapidly as

8, 4K (s + 0.333)(s + 5)

8, 4 %X 0.539(s + 0.333)(s + 5)

04 @i
wt "
"
424
3
1
N e - - e
N 44
=) (») 21
--21
=
=41
g
Fig. 9. Root-loci diagrams with complex zeros; (a) complex
-2 zeros at —0.375 =+ 0.75, (b) complex zeros at —1 =+ i.
value of the damping coefficient selected.
- The position of the poles p; and p. will
\ not be greatly changed by any change
made in the damping coefficient. The
- position of the poles can be calculated
by any one of several methods (6).
When 1/T; = 0.333 and { = 0.6, then
ps = 2.38, p = 4.96,0 = 0.333,w = 0.44,

w, = 0.56, and K, = 0.539. Equation
(30) then becomes for a step change in
8,

A, T 5(s + 4.96)(s + 2.38)(s + 0.333 + 0.447)(s + 0.333 — 0.447)

intersection of the loei curve and the
imaginary axis. From a practical stand-
point there is a limit to how small K,
can become, since most industrial con-
trollers have a maximum proportional
band of 150 to 2009. This means that
K, must be greater than 0.5. Therefore
the present system could not be operated
with 1/7; greater than about 0.333, for
under these conditions with { = 0.6,
K. = 0.539 (proportional band 186%).

It so happens that when 1/7'; = 0.333,
one of the poles in Equations (27) is
canceled, simplified the equations. There-
fore this a convenient selection of 1/7;
for which the transient and frequency
response of the system will be determined.
Then for a step change in 6; the ratio
00/ oi is

6, s(s + p)(s + p)s + o + wi)(s + o — wi)

1/7T; increases. Actually the control
system should not be operated at the
point of intersection of the loci curve and
the imaginary axis. Often a suitable
operating point is that which gives a
damping coefficient of about 0.6. The
line representing { = 0.6 is shown in
Figure 4, and it is secen that K, at this
point is much less than at the point of
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(30)

The poles ps and p: will have values
between — 2 and — 5; the other two terms

0, s(s + (s +

@31)

The terms ¢ 4+ 5 and s + 4.96 are so
nearly equal that they will be canceled.

The transient response is shown in
Figure 6. The response is relatively
fast, but the maximum overshoot of
389, is perhaps too large. If a smaller
overshoot is desired, the only change
that can be made is to move the zero at
—1/T; nearer to the origin. For example
if 1/T; = 0.2, the rate of rise is not
changed but the overshoot is now about
309. From the root-loci diagram it can
be seen that moving the zero at —1/7T;
nearer to the origin produces a closed-
loop zero at —1/T; and pole between
the origin and —1/T;. The pole being
nearest the origin will exert the greater
effect upon the response; however the
combination of a pole and zero close
together will not have an appreciable
effect.

The ratio 8y/L with 1/T; = 0.333 and
¢ = 0.6 is investigated. Then for a step
change in the pressure drop Equation
(29) becomes

(s + 5

represent the conjugate complex poles,
the values of which depend upon the

A.L.Ch.E. Journal

= s(s + 4.96)(s + 2.38)(s + 0.333

+ 04di)(s + 0333 — 044y 52

Again the terms s 4+ 5 and s + 4.96 are
canceled. The curves have an initial
value of 1 when ¢ = 04 because the
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Fig. 10, Transient responses after a step input.

Curve Z; 22
1 0.333 1.0
2 0.333 0.8
3 0.333 0.6
4 0.333 0.333

number of zeros and poles are equal in
Equation (32). Moving 1/7"; nearer to
the origin will not change the curve at

IS
T

-
T

Y

AMPLITUDE RATXO

8o s(s + (s + 2)

unless the transmitter time constant is
changed. The term 1/(s + 2.38) has
little effect upon the response; conse-
quently small changes in its location
due to changing controller parameters
will not change the response curve. The
second-order curve can be changed in
shape by changing the damping coefhi-
cient. As the damping coefficient de-
creases, the curve develops a higher
peak, and when it is 0.707 there is no
peak at all. Asw, at constant { increases,
the curve moves toward the right with
no change in shape. It is possible then
to modify the frequency-response curve
somewhat by varying the controller
parameters.

The frequency-response specifications
will depend upon the process require-
ments. In general 6,/0; should not have
a high maximum because then any
extraneous signals (noise) in the con-
troller may cause a large error on the
controlled variable.

The frequency response with the
pressure-drop sinusoidal is obtained from
the equation

L = (s + 2.38)(s -+ 0.333 + 0.440)(s + 0.333 — 0.441)

Figure 6, where it is seen that the curve
is less cyclic but that an error tends to

P S 1 a1 L P 1

AN

i i 1 i

0,08 0,1 0.2 0.3 0uk 0,6 0.8

1 2 Piﬁ 4 6
PREQUENCY RADIANS SECOFD

8 10

Fig. 11. Frequency response-control point change.

Curve zy 2z,
1 0333 1.0
2 0.333 0.8
3 0.333 0.6
4 0.333 0.333

the initially high start. This can be
accomplished only by the addition of
a pole in the closed-loop equation so
that there will be an excess of poles

6o 4 X 0.539(s + 0.333)

persist for a longer time. This effect
becomes more pronoumced as 1/7';
approaches the origin.

The frequency response is obtained
from the following equation:

8 (s + 2.38)(s + 0.333 + 0.444)(s + 0.333 — 0.443)

over the zeros. As the move toward the
origin takes place, a pole near the origin
is introduced, resulting in a slow response.
The curve for 1/7; = 0.2 is shown in

Vol. 5, No. 4

33)

Figure 7 shows the individual terms of
Equation (33) and the response curve
with the details of construction not
indicated. The term s + 0.333 is fixed
by the system and cannot be changed

A.I.Ch.E. Journal

(34)

The response curve is high and remains
high for all frequencies, which of course
is very undesirable.

A study of the figures shows that the
responses are not entirely satisfactory.
With proportional and integral control
there is little that can be done to improve
the responses. If 1/7; is made much
smaller, a sluggish response is obtained.
As previously discussed, the damping
coefficient cannot be changed sufficiently
to cause much change in the responses.
The addition of the integral mode of
control has eliminated the steady state
error but otherwise has not greatly
affected or improved the response.

THREE-MODE CONTROL

The previous sections have shown that
for the flow system being discussed
proportional or proportional plus integral
control has not proved to be satisfactory.
The addition of the rate mode provides
another possibility of improving the
responses to both step and sinusoidal
inputs.

The controller transfer function for the
three-mode control is given by Equation
(5). The zeros at —z; and —2, are

1 T
21,22=§'ﬁ(1 =+ \/1 _41r/11) (35)

The zeros are real if 47,/7; < 1 and
complex if 47T,/T; > 1 and are equal
when 47,./7T; = 1. The values which T,
and T'; may assume are limited only by
values available on the controller being
used. The effect of the choice of T, and
T; will now be investigated.

Page 529



-
©

AMPLITUDE RATIO

=0 2R <5
0.5 @i wl
I e N U Y - - ) -l -
. J
P
) L . . . . . .
0 0.2 0.4 0.8 1 2 ‘ 5
FREQUSECT RADIARS PXR SECOND (O] Q)
14%42 O.Mlﬁl’Ll

Fig. 12, Frequency response-pressure drop change.

Curve 2z, 23
1 0333 1.0
2 0.333 0.8
3 0.333 0.6
4 0.333 0.333

TasLE 1. SUMMARY OF CALCULATIONS

2 0.333 0.333 0.333 0.333
22 1.0 0.8 0.6 0.333
7, 0.75 0.882 1.07 1.5
T 4.0 4.24 4.66 6.06
For the closed-loop with ¢ = 0,707
¢s=w 081 0.962 1.08 1.16
Ps — 0.583 0.38 0.19
Pu 5.38 5.49 5.46 5.49
K, 1.41 1.26 1.08 0.84
K, 7, 1.06 1.12 1.16 1.26
wn 1.145 1.356 1.53 1.643

From Equations (17)
product

and (18) the

b F
RN

_ 6.67K.T.(s + z.)(s + 25
T s(s + 0.333)(s + (s + 2)(s + 5)
(36)

A comparison of Equation (36) with
Equation (27) shows that the addition
of the rate mode has added another zero
and the term 7', in the numerator. The
additional zero can be used to counteract
the effect of another of the poles just as
the single zero was used with two-mode
control. The addition of T, has the effect
of changing the effective gain of the
open-loop function. The total gain is
K,.T,, which may he greater of less than

The closed-loop equations now become

w1

s }V.vz

1 _Q:& i

(o)

O<1/’LPLO.8

Fig. 13. Root-loci didagrams with a process lag.

There are now two arbitrary parameters
z, and 2z, which may be selected. The
values selected determine the zeros in
Equation (36), which in turn fix the
location of the root-loci curves. A typical
root-locus curve is shown in Figure 8
for z; = 0.333 and 2z, = 0.8. It was shown
in the last section that as the zero moves
away from the origin the system becomes
less stable. This is again illustrated by
the fact that as the zeros move away
from the origin the branched part of
the curve moves toward the origin. At
the same time when one of the zeros is
near the origin, a closed-loop pole is
introduced near the origin. This pole
produces a term in the time response
that does not come to 0 very rapidly.
Therefore although the response may
not be cyclic, it will be slow, and excessive
time will be required for the system to
come to a steady state.

A study of the approximate root-loci
diagrams allows one to make reasonable
selections of a few sets of controller
parameters for more complete calcula-
tions. A tabulation of values which have
been calculated for several sets of the
controller parameters is given in Table 1.

Some choices of T, and T; will cause
2 and 2, to be conjugate complex numbers
thereby producing complex zeros in

6 4K, T.(s + 0.333)(s + 5)(s + 2,)(s + 2») 37
B, s(s + 0.333)(s + (s + 2)(s -+ 5) + 6.67K,T.(s + 2.)(s -+ 2.) (37)
8y s(s + 0.333)(s + (s + 2)(s + 5) (38)

L~ s(s + 0.333)(s 4 1)(s 4+ 2)(s + 5) +6.67K.T.(s + 2,)(s + 2,)
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Equation (36). In some systems the use
of complex zeros may prove beneficial.
Root-loci diagrams are shown in Figure 9
for two choices of complex zeros. When
the zeros are placed at

—1+¢(T, =T, = 0.58)

the left-branched curves no longer go to
infinity but end at the zeros. For this
system this change has little significance.
The right-branched curves change their
location so as to intersect the imaginary
axis at a high value of w with a corres-
ponding increase in K,. The system then
will not become unstable so easily, but
the closed-loop poles are too near the
origin to produce a satisfactory response.
The loci curves with the zeros placed at
—0.8375 & 0.75¢(T, = 1.33, T; = 1.07)
show that the right-branched curves now
end at the zeros. Since the right-branched
curves do not cross the imaginary axis,
the system will be stable at very high
values of K.. However the closed-loop
poles near the origin are again disad-
vantageous.

The responses to step changes in the
control point are shown in Figure 10 for
a selection of controller parameters. As
might be expected, the overshoot de-
creases as the zeros move toward the
origin, and at the same time the settling
time increases.

The responses to step changes in the
pressure drop across the control valve are
also shown in Figure 10. The maximuin
deviation is high for all the eurves, and
the time to reach steady state incrcases
a8 the.zeros move toward the origin. The
maximum error cannot be decreased as
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long as the number of closed-loop poles
and zeros are equal. An increase in K,
(decreasing ¢) will cause a somewhat
faster recovery but will also increase the
overshoot of 6¢/6;, which is already
beyond the desirable limit.

The frequency response with the con-
trol point being varied in a sinusoidal
manner is shown in Figure 11. The
maximum in the curves decreases as the
zeros approach the origin, with the lowest
maximum being about 1.8. This is some-

6, I

6.67K.T.(s + 2)(s + 2,)

trollers will not give so close control as
desired or necessary. One method of
improving the control that immediately
comes to mind is the addition of a process
time constant. This could be accom-
plished by the addition of a capacitance
and resistance with 7, = RC. The open-
loop equation with three-mode control is

8,  13.33K.T.(s + 2)(s + 2»)

£ T+ (s + 26+ 1/T)

The ratio

(39)

X0, T+ 0333)(s + (s + 2 + sy + iy 0
The closed-loop equations become
by _ 4K 1./ ) (s+0.333)(s45)(s+2)(5-F2,) (41)
9, s(s+0.333)(sF s+ 2)(sH5)(s+1/T,)+6.67K (T./T,)(s+2)(s42)
8, (1/T )s(s+0.333)(s+ 1) (5+2)(s+5) (42)

L~ s(s+0.333)(s+ D) (s+2)(s+5)(s+1/T,)+6.67K .(1./T,)(s+2)(s42)

what above the recommended level of
1.2 to L.5.

A sinusoidal variation of the pressure
drop across the valve produces the
responses shown in Figure 12. Again the
lowest maximum is obtained with the
zeros nearest the origin, although there
is not a significant difference between
all of the curves. Curve 4 has a high
value even at low frequencies, an indi-
cation that slowly changing pressure
drops will cause relatively large errors in
the flow rate.

PROCESS TIME CONSTANT

The previous sections have shown
that the control of fluid flow when the
flow system has a O time constant is
difficult. The common industrial con-

(¢}

The addition of a process time con-
stant produces two significant changes
in the equations. The term 1/7T, occurs
in the numerator of both 8,/6; and 8,/L.
Then if T, is greater than 1, both ratios
will be decreased. With large values of
T, the ratio 0,/0; will be very small,
which is undesirable because the system
then would not respond to control-point
changes. On the other hand, a large
value of T, will cause 8,/L to be small,
which is desirable. Obviously, some com-
promise must be made that will produce
reasonably satisfactory responses of both
ratios.

The second change in the equations is
that an additional pole has been added
to both ratios. This is significant for the
ratio 8o/L, since now the equation has
an excess of one pole and the transient

response curves will begin at 0 rather
than 1 when ¢ = 0. Furthermore that
pole at —1/T, if properly placed will
produce a closed-loop pole which will
partially cancel the effect of the zero at
—0.333.

In a few minutes it 18 possible to
sketch root-loci diagrams for many com-
binations of 1/7,, 21, and 2. Such a study
will soon give one a good idea of approxi-
mate locations of these parameters for
satisfactory responses. Space does mnot
permit a complete discussion, but a
brief summary follows. One zero is placed
at —0.333 to cancel the pole at this
point. The other zero is placed at approxi-
mately —0.8 so that the closed-loop pole
will be in the neighborhood of —0.5,
thereby partially canceling the cffect of
the zero at —0.333. Figure 13 shows the
effect of the position of the pole at —1/T,
upon the root-loei curves. When 1/7, is
larger than 2, the effect is very small as
is seen by comparing Figures 13a and b.
From Figures 13b, ¢ and d it is seen that
as 1/T, becomes smaller, the branched
curve approaches the origin. The
branched curve should not be too near
the origin; thercfore there is a limit to
the amount that the process time con-
stant can be increased. It appears that
letting 1/T, have a value in the neighbor-
hood of 2 will produce the best results.
The responses to step inputs for several
combinations of the parameters are
shown in Figures 14 and 16. The dif-
ferences are obvious. If one is interested,
more calculations can easily be made. The
corresponding frequency responses are
shown in Figures 15 and 17.

All the curves show that the choice of
1/T, = 1.8 is approximately the best.

Slight variations may improve the re-
sponses slightly. As seen from the curves,
when 1/7, becomes very small the
responses are sluggish, requiring a long
time for the system to reach the new
steady state.

) L . " P i I I

0.2 ') 1 2 4 6 10
PREQUENCY RADIANS PER SECOND

Fig. 15. Frequency response-control point change.

0 1 ] i 1 1 i o
o 2 L] [ 8 10 12
*IHB-am00NTS
0.2 )
Fig. 14. Transient response after a step change in the 01 04
control point,

Curve 2, 2, 1/T,
1 0.333 0.8 ®

2 0.333 08 1.8

3 0.333 0.8 0.8

4 0.333 01 0.1
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Curve 2 zs 1/T,
1 0.333 0.8 ©
2 0.333 0.8 1.8
3 0.333 0.1 0.1
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Fig. 16. Transient response after a step change in the

pressure drop.
Curve 2z, zs 1/T,
1 0.333 08 o
2 0333 08 1.8
3 0.333 0.8
4 0333 0.1 0.1

OTHER MODIFICATIONS OF THE SYSTEM

There are several other modifications
which would improve the responses if
it is found nccessary to do so. As com-
plete discussion is beyond the scope of
this paper, the methods will be listed
only: (a) addition of a pressure con-
troller in the flow line (7) either as a
separate controller or in cascade, (b) the
design of a controller with other than
the standard threc modes of control, and
(¢) the use of an additional controller
in the feedback loop or as a feed forward
controller.

CONCLUSIONS

A relatively complete analysis has
been made of the control of fluid flow
with a flowmeter as the measuring
with a flowmeter as the measuring instru-
ment, a controller, and a control valve.
The analysis is more complete than is
ordinarily necessary. Anyone with a
working knowledge of the methods
could eliminate some of the steps or
at least some of the detail. This ex-
ample was carried out to illustrate
the methods and to show how easily
one can make an analysis of a control
system. The methods of control-system
analysis given have several advantages,
the most important being that the
engineer has a complete picture of
the effect of all the system parameters
upon the responses. A second important
point is that much of the analysis can
be made with very little calculation,
particularly after one has had some
experience. Obviously all this could have
been done with a computer, with how-
ever the great disadvantage that one has
lost completely the over-all view of the
effect of the system parameters. The
author believes that the procedure given
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0.5 0.7 1 3 3 5 7
PREQUERCY RADIANS PER SECOND

Fig. 17. Frequency response-pressure drop change.

Curve 1 Z,
1 0.333 0.8 @
2 0.333 0.8 1.8
3 0.333 0.1 0.1

is quite satisfactory for most purposes
and is an excellent preliminary analysis
if it is desired to investigate the non-
linear system with a computer.

Conclusions with respect to the specific
control system are

1. Linearized equations for the system
have been derived.

2. Proportional control is not satis-
factory if the system is likély to be
subjected to changing pressure drops
of any great magnitude.

3. Proportional plus integral control
removed the steady state error but
otherwise had little effect upon the
responses.

4. Three-mode control improved the
responses but still not enough if very
cloge control was wanted.

5. The addition of a process time con-
stant of the proper value greatly im-
proved the responses.

NOTATION

A; = step change in reference input or
control point

step change in the pressure drop
across the control valve

= capacitance

error gignal

frequency cycles/sec.

== (radians/séc.)/2r

signal

transfer function

= pressure differential

constant

controller gain, (reciprocal of the
proportional band/100)

load function, pressure drop across
the valve

pressure drop across the valve
flow rate

flow resistance

independent variable in trans-
formed equations

FR=E TEQ -
o Mot ]

=
[

a

It

=

i

Ok

i
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T,

T = time constant
z = zeros, functions of the controllers
parameters

Greek Letters

¢ = damping coeflicient

0; = reference input signal (control
point)

8, = controlled variable, flow rate

o = real coordinate of the conjugate

complex poles
w = imaginary coordinate of the con-
jugate complex poles

w, = natural frequency, radians/sec.

w, = frequency of sinusoidal input,
radians/sec.

Subscripts

¢ = controller

1t = integral mode of control

p = process

r = rate mode of control

ss = steady state

&r = transmitter

tu = tubing

v = valve
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